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Algorithms  for  nonlinear  programming  and  variational  inequality  problems 
are.  in  genertil,  only  giiartxnieed  to  converge  in  the  limit  to  a 
Karush-Kuhn-Tucker  point,  in  the  case  of  nonlinear  programs,  or  a 
solution  in  the  c;ase  of  variational  i  ncqtui  1  i  t  i  es .  In  this  paper  we 
derive  sulficient  conditions  for  nonlinear  progrtxms  ;ind  v;ir  iat  ionti  1 
inequalities  such  that  any  convergent  algorithm  can  be  modified  to 
guartuitce  finite  convergence  to  a  solution.  Our  conditions  are  more 
general  (h;ui  existing  results  .and.  in  addition.  liave  wider  applicability. 
Moreover,  we  note  that  our  sufficient  conditions  arc  close  to  the  related 
necessary  conditions.  ;uid  show  by  counterexamples  that  our  main 
nondegetier.'icy  assumptions  ctuuiot  be  relaxed. 
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I  .  In  t  rod  lie  t  i  on 


Numerous  alsiorithms  have  been  devised  I  Or  the  solution  ol'  the 


op t  i mi  zii  r  i on  problem 


minimize  f(x)  subject  to  x  C  S. 


(1.1) 


Differences  in  the  procedures  generally  exploit  the  assumed  structure  of 


the  objective  function  f  and  the  feasible  set  S.  In  this  ptiper,  we 


develop  c:onditions  on  f.  S,  and  the  solution  point  under  which  any 


infinitely  convergent  tilgorithm  c^n  be  modified  to  ensure  finite' 


convergence.  Within  the  assumptions  on  f  and  S  we  show  by  countc'r 


examples  t  lia  t  the  ctjnditions  on  'he  solution  poittt  are  tight  ,  t)ut 


results  are  more  general  titan  earlier  related  results  tuid  tuive  bc-en 


exteneJed  to  the  problem  of  finding  solutions  to  var  i;i  t  iona  1  i  tic't|ua  1  i  i  i  c's  . 


which  calls  for  finding  a  point  x  C  S  such  t  h:i  t 


('.(x  )'  (x-x  )  >  0  for  all  x  C  S, 


{  1 


wfiere  ('.  is  a  continuous  mapping  from  r"  to  r'V 


[^7 
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1  1  III  1  (  III  a  Ka  rnsti- knf  III  -  I  iickc  r  pu  i  n  (  (see.  c  .  s.’, .  .  wliicli  m.iy  m  iHav 

iml  he  a  Ideal  snlulion  lor  special  eases,  eonve  I'aenec  in  a  liie.il 
solniidii  can  be  es  ( ah  1  i  shea!  (e  'j...  Tor  eonvc-\  programs  [  1]).  or  linitc 
eonver',i,enee  can  Ix'  assniaal  (e.-a...  Tor  eon. [ligate  (iireeiioii  .  1 1  e.o  r  i  i  hiiis 
applietl  lo  bounded  cpiadratic  prot!;ramh  usinu,  .-\rmi  jo- 1  yiie  inexac  i  1  i  nc 
searelu's  [liiO]).  Aluorilhirib  Tor  varial  ioiui  1  inequality  prolileins  i  y  p  i  i  a  1  1  ■» 
arc  synaranteed  lo  eonv<'r<j,e  in  the  limit  to  a  solution  if  snili  a  so  lot  ion 
is  unicine,  Ihus,  in  most  cases,  the  exist  inti,  aliiorithms  eonver ',e  in 
either  Karush-Knhn-Tiicker  or  solution  points  in  ;iii  inrintie  nnnibei  ol 
steps.  We  propose  to  modify  these  procedures  by  imbediiinti,  a  snbprnb  1  eiii 
(haviiiiA  linear  ob.jective  function  aJid  constraints  ttiven  by  S)  that  should 
b<-  solved  every  fixed  number  of  steps.  Undei  eert.iin  eoinlitinns.  this 

siiftiees  to  ttnartiniee  finite  convergent^'  to  a  solution.  Ihis  idea  is 

reminiseenl  of  the  ”s[Kicer  step"  used  in  nonlinear  programmi  ne,  to  eonvet  i 
a  locally  convergent  tilgorithm  into  a  gUibally  convergent  one  (see,  e  g  . 

1  uenbt-’  rger  [  !')]  )  . 

Rales  of  convergence  luid  contl  i  l  ions  for  finite  convergcni  c  tiave  beeii 
dcv'elo|jet]  by  a  number  of  authors  for  grtulient  pro. ji'i  lion  algoi  i  i  bins 

I’erisekas  [a^  studied  the  (lo  Ids  l  e  i  n-1  ,ev  i  l  i  n- l‘o  1  yak  [lie  IS  ]  gradient 

projection  mt- 1  hod  for  |)rob  1  em  (II)  with  continuously  d  i  I  I  c r ei 1 1  i ,  ib  1  c 
objective  and  com(5ac  t  S  definetl  by  only  uiqier  ami  lower  bounds  on  the 
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I  he  op  I  1  nt  1  !  ,  ic  !  1  v  (•  t  Dlis  I  i:i  1  III  sol  in  ;i  I  i  r  i  i  !  c  r  imnbo  i  o  I  l  i  <■  i  .  1 1  i  oiis 
whciifio!  S(  S  liolils  ,11  itu'  soliiMoii  Burke  ami  Moie  [i]  e\'en<l  lliis 

resii  1  I  Bv  sliowiiii;  ihai  t  lie  optimal  ai'live  eons  t  ra  i  n  I  s  are  identilieci  il 
anil  on  1 it  i  he  piojeeU‘(l  u,railienls  i'onve!i;<'  to  /eio.  I  i  na  1  1  y  ,  (  a  lama  i 
ami  Vote  [s]  '.general  i/e  ilii-  lesulis  of  I’lerlsekas  [aj  by  "showinu,  l  lui  i  it 
I  tie  piojei  led  ej,  id  i  en  I  s  conveiii.e  to  /ei'o  ami  it'  l  he  ilerales  eunveriie  to 
a  nonde'j.eiiera  I  e  iioini,  I  hen  I  he  op  I  um  1  ae  i  i  ve  and  binding  eonsiraiiils  ol' 
a  •.'.etiei.il  line.ii  1 V  eonsiraineil  pioblem  are  idenlil  ii'il  in  .i  l  inile  number 
ot  iieraMons  Ibis  resnli  is  I  fid<‘pen<l('n  I  of  the  m«M  hod  iiseil  to  lii'iU'rti  t  e 

I  he  Ilerales  ,ind  i.iti  be  applieil  It)  other  linearly  eotisirained  problems.” 

!  he  1  r  piool  does  no'  rei|uire  S()S('  anil  permits  S  to  bt'  a  ii.etit't'al 

;mi  1  V  lied  1  . 1 !  set  Bv  invokiirj,  the  urtidient  proji'ction  method  on  si'leeted 

iiei.ii  ions,  'al.iiitii  .inii  Moll-  were  able  to  devcloi)  a  finite  proeeilure  for 

lie  I  e  nil  M I 1 1'.',  itii-  alob.il  solution  of  a  ireneral  qutidrtitie  p  roLi,rajTim  i  m*; 

pi  I  it)  1  ( 'in 

111  itiis  ji.iper  ,  we  -renerali/e  the  rt'sults  of  < 'a  1  ama  i  atiii  More  [S]  to 
piotii'-ms  w  1  I  ti  mil  ipo  1  V  hetl  i  a  1  leasible  sets  .iiiii  lo  ,  i  1  u,o  r  i  I  1  inis  whii'ti  tire  no  l 
bi-.ed  nil  iiioiei  led  a.iailieiii  ea  1  (  u  1  a  I  i  ons  Moit'ovei,  the  naliire  of  our 
appiiiiiti  .illows  us  III  exiend  out  results  lo  alnoriihms  I  Or  sol  vine, 

.  aa  a  I  ol  la  1  1 1  leijua  1  1  M  es  Wh  I  1  e  many  id  the  i  ill-,  is  e  on  I  a  1  netl  1  Ii  oil  I 

lesni's  ire  iioi  s  u  I  p  I  I  s  1  I  le.  .  we  have  not  seen  them  presented  elsewhert-  atiil 
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f  iiri\  (■r'j.i’nff  til'  a  !  .i,(i  r  i  l  Inns  iDi  iidii  1  i  rifa  r  pii)'j.iams  willi  liiifar  tons  i  la  i  n  l  s 

Itif  fast-  ot  iiiiii  1  1  ni'a  r  proniams  w  i  l  li  riDii  1  i  nt’a  r  i  iiftiiia  1  i  l  >  tons  l  ra  i  ii  l  s  is 

tit'a  1  I  w  i  I  li  ill  Sff  1  i  1)11  I .  anti  Si-t- 1  i  dh  1  t'\  t  i-i  itls  i  tif  ifsii  1  l  s  in  l  lif 
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:i .  NONl  IN1-,\R  PR(X:RAMS  WITH  I.INIAR  CONSIRAINIS 

(  alls  i  clf  I'  the  liiioaily  caiisi  ra  iiu’ci  nanl  inoaf  protifanimi  riiJ  fifoblom  af 
t'indiiisj,  a  paitii  \  C  r"  tluil  will  locally 

minimi/c  r(x)  siib.jool  to  A\  =  a.  I5\  >  b  (!’) 

wbofo  f  r"  -•  R*  is  caul  imiaiis  ly  cl  i  ITo  I'on  (  iab  1 1' ,  A  anti  II  aic  real  p  x  n 

and  m  X  n  maii  icos,  anti  a  and  b  arc  I'oa  1  p  x  1  ami  ni  x  1  voctars, 

rospoc  I  i  VC  ly  .  lei  C  -  {x^  Ax=a.  l?x/bj  bo  llio  I'oasiblo  sol  al  I’. 

In  fonoial.  wo  .ook  a  1  aca  1  solar  ion  la  i  bo  prabloni;  I  ba  I  is,  a 
pain!  X  I'of  wtiicli  llioif  is  samo  iioi 'J.bbarliaatl  N  (al  x  )  such  l  lia  i  l(x)  ■ 


X  ) 

1  a  1  .ill  X 

in  < 

'  1 1  N  I  1  ot|ii; 

1  1  i  1  y  1 1  a  1 1 1  s 

only 

To  1 

\  - 

X  1  bon  X  1  s 

1  loi 

;l  .1  s  1  f  It ■  1 

lllCt- 

1  1  sa  1  a  1  i an  at 

prabloni  !’. 

In  ( 

on  1  1 

r-;is  I  . 

X  is  call  oil 

an  isalaiotl  1  aca  1  _  so  1 1 M  i  ()n  (  ai'  a  1  aca  1  1  y  an  i  t|iio  so  1 1 1  i  i  an  )  al’  piobloiii  I’  l 

11  IS  I  lie  anlv  local  salniian  al  I’  in  same  no  i  nliba  itiaad  al  x  llio 

d  1  s  I  1  111  1  1  al  I  bo  I  woi  ’ll  s  I  f  i  i  1  a  ml  1  sa  1  a  I  oil  local  so  1 1 1  I  I  al  i  s  I  a  I  'j,fno  I  a  1  , 

I  lai  I  !  1  noa  i  1  V  i  aiis  i  i  a  i  nod  [jrab  1  oms  lias  boon  i  n  vos  I  ni.a  l  oti  by  Rab  i  nsan  [  ] 

and  bv  K  vpa  I  1  s  I  s  ami  1  i.  it  la  [  1  i  J  win)  tiovo  1  apod  si  1 1  1  i  o  i  oi  i  l  t  ami  l  I  i  al  is  I  ai 


(\u'h  t\pi.'  ol'  soliitidii.  A^l  mi'-uH  bo  oxp<'oio(i,  itio  d  i  s  i  i  nr  t  i  on  cli  sa  p|)o;  1 1  s 
Tor  spocial  lasos;  o .  li; ,  ,  when  f  is  a  ciuadraiir  runriion  in  I’  (  soo  [!<]) 

In  iho  scajijol,  wo  fovi('w  sovofal  tit>  I' i  ii  i  t  i  ans  and  losnlis  I' tom  roiivox 
ana  1  V  s  i  s  and  oiji  im  i /a  r  ion  thooiy  which  afo  ni-odod  t'of  i  ho  di'volnpmoni  ol 
oiif  contiitions.  The  lotidoi  niiy  lonsiilt.  o.y,.,  Ba/ataui  and  SluMty  [d]  IDt 

complolo  proofs  ;uid  fiiithof  doitiils. 

w 

It  is  woll-known  [d]  that  if  \  is  ;>  local  solution  of  [)fol)lom  I’, 

!)+ni  ^ 

the,,  thofo  exists  a  {dual)  vocior  (n.v)  C  R'  sticli  that  (x  .u.v) 
satisfies  the  lollowiifj,  Kat'ush-Kiihn- fiicrkt'r  ( KK  f )  conditions  I'oi  I’ 

(  1  )  Vf  (x"")  .<\'ti  +  u'v  .  V  2  0. 

(  i  i  )  Ax  =  a .  Bx^  >  •>  • 

(  i  i  1  )  v'  {Bx""  -  1>)  =  O. 


Donou'  tin'  in<lox  sot  ol'  l)indinit;  i  iKaina !  i  t  y  constraints  ;ii  x  by 
I  -  I  i  I'j  \  =  I)  J  .  w[km-('  1>  .  (.IcMJoios  ([u‘  ilh  tH)w  of  ma(r‘ix  W.  Ww 

i  I  I 

cor  ros[)oiid  iii'j,  snhinairix  of  [l^.b]  is  dt'aoiod  l)y  [!'>  .b  ],  Mk'  cotio  of 

x- 

!  oas  1 1)  1  c_  d  1  r  (_^c  I  i  nils  ol  (  at  x  is  liivon  by 


I  (x**)  =  (  /  ;  /-f-O.  A/  r  0,  15^/  >  ()} 


a  I  id  I  lie  j)o  1  a  1  cone  of  f  (  x  )  is  •j;ivon  by 


I  (x  ) 


I  Xl  X  ox 

y  =  A  u  +  li  V  .  11  (-  R  ,  V  d)  1 


whore  ,  donoios  the  subvo<'tor  of  v  with  indices  in  1  Mol  ice  i  fia  t 

“W-  -ft- 

'  (\  )  IS  sinifilv  the  cone  s[)anii<-<i  by  the  noLta  I  ivo  L’.iadionis  id  lli<' 


biiKiinii  cons  I  fai  n  t  s  al  \ 


Now.  i  I'  \  is  a  local  st)lutioii.  then  the  KK'l 


conci  1  I  loiis  stale  tli;U  we  most  luive 


»  HU  H 

-Vl (x  )  C  I  { X  ) ,  X  C  C. 


(2.1) 


!atei  111  ihis  section  w<'  u  I  i  1  i /e  the  coticiiiion  that  -vr(x  )  is  in  the 
Intel  lor  ol  I  (x  ),  (k'noteil  by  irii  1-  (x  ).  1  he  next  [:)fopt)si  i  ion  siatt's 
the  neicssarv  anil  snil  tcieni  eoiuiitions  for  ini  I-  (x  )  to  be  nonempty. 


I’ROl’tiS  1  I  ION  1.  IIk-  I'ollowini;;  conditions  ;iie  equivalent: 

( a )  ml  I  ( X  )  / 

H 

(b)  X  is  an  ex  t  i  ente  poitil  ol'  C'; 

I  M I 

(c)  tank  [,A  .11  ]  =  n;  i.e.  .  there  are  n  liiuxirly  i  nde[)('ncien  i  b  inti  inn 

H 

cons  I  ra  t  n i s  a  t  x  . 


Otie  c;in  verity  ih;ii  the  interior  of  i-  (x  )  is  niven  by 


^  ^  I  M  I  ^  ^ 

int  1-  ( X  )  :;  {-y-  y  =  A  It  +  11  v  .  wht>re  v  _■  o  is  such  tkii 


V  *  11  /.  >0  Tor  all  /  C  i  { x  )  ) 


If.  in  add  i  t  ioti . 
cons  I ra i n i s  are 


I  ht'  ma  t  r  1  X  [  A  '  .  II  '  ] 
i  neat  ly  i  ti<lependeti t 


i  s  n  X  n  ,  i  e  ,  ,  ,1  I  I  i  he  b  i  nd  i  nn 
(in  V iew  ol  ( <  )  above ) .  l hen 


ill! 


H 

X  ) 


-y:  y 


A  n 


1  <♦  » 

11  V  ,  v  mi; 


-X 


y  V  I  i  I  I  .  I  ;  lu.  »  . 


i  '  1 1 '  f  1 1  *  \  ’  M '  s  1 1  1  '  ;  >  r  I  >  v  1 1 1 « -  s  N « • ,  <  •  I  I  .  (  r , .  I !  i  (  '  <  ■ '  l  / .  i  '  :  i '  1 1  •  ’  '  >  ? 

n  » 

-  \' }  {  \  )  '  i:i’  !  (\  )  i)'!i  Mi.jiri  ’f.iMU*-!!' 


IS  !  !  ’  ( ‘  <  oi  IS  1  (i«*  t  <  ?  !t‘  4  nt  1(1  1  '  1  <  n  I  s 

(.1  )  '.  I  ( \  )  ‘  I  III  I  (  \  )  : 

(  b  )  I  (  \  )  /  ■  <  ‘  1  (H  ill.  /  *  '  {  \  )  .  tf  .(I  \  IS  .111  i-x ;  I  I  iiK  •  [  »i » 1  M  Ilf  ' 

^  ■**  I 

(  (■  )  \  IS  I  !u'  Mil  1  (|i|<'  so  1 1|  I  I  nil  o  I  mi  ii ;  V!  (  \  )  \  \  I  I  ;  . 

(  il  )  \  IS  .in  1  so  1 ,  {  !  (xl  i  (K  n  1  so  1  1 1 1  1  oil  of  m  1  h  I  !  {  \  )  \  <  i  , 

Ihoii,  (,|  )  CO  {!.)  CO-  (<  )  O  (,l) 

■»* 

l’[  oo  I  (  M  )  O  { i) )  <  oikI  1  I  1  Dll  ( .  I  )  1  m()  1  1  OS  I  li.  1 1  \  IS  .ill  I  -  s  I  I  I  -IIK  ■  [  m  j  i  i 

^  I  * 

(  by  I '  i(  I  j )( I  s  1  I  1  or  I  I  .  1  rut  i  1 1. 1  i  VI  (  \  )  /  i  ’  lor  i  !  !  /  '  I  (  '^  )  ^  ^  <  li  - 1  ;  r. 

ol  1  II  I  I'  (  s  ) 

•  I  * 

{  h  )  O  ( I  )  I  oiiti  i  I  1  on  ( I) )  implies  vl  (  \  )  {  \  -  \  )  '  '  '  I  o  i  i  1  !  \  <  ' 

*  »  I  «.  I  «  » 

\  /  \  ;  e  Vt{\  )  \  V!(\  )  \  lot  .ill  X  <  i  .  \  /  \ 

*  I  ** 

(  (  )  O  (  .  1  )  (  oiiii  1  I  1  oil  (  (  )  1  mp  I  ;  es  V  I  {  \  )  (  \  \  )  <  I  I  o  I  .  I  1  1  ■■  I  I 

\  /  x  1  e  V  r  (  X  )  b  •  ( '  I  ol  oil  /  <  I  (  X  )  I’. .  (le  I  1  1 1 1  I  1  ol  I  O  ! 

»  »  •*  *  » 

'.III  I  (  X  )  'Ills  iiii  -.Ills  I  1 1. 1  I  y  I  (  X  )  ‘  1 1 1 1  I  (  X  ) 

«*- 

!  1  : 1, 1  !  !  V  .  (  . '  )  1  ni| )  1  1  « -  s  I  t  ti  1  I  f  b*  ■  KK  1  (  or  id  i  i  i  oi  is  bi  >  1  <  i  .  i  '  x  1 1  id  {  b  )  Mir 

I 

!  b.  1  f  '  /  V  !  (  \  )  /  '  b  /  <  i  (  X  )  !•  t/' .  xn  1  bo  t  .  \)\  '  ol  1 1  1  i .  M  •.  !  1 '  '  1 


111  I  so  !  o  '  ( -  d  i  04  o  1  sol'll  loll  <  I  !  *11  l  1 1  ;  !  (  \ 


1  '  .  i !  id 


;  b )  o  *  f  I  )  1  iTitd  .  ( *1 ) 


•_  •.  •«  *•  «_»  _  »  ^  *  _>  IT  ^  IT—  m  ^  W  m  "  ^  »  •  »._ 


fy. 


it 

t 


V  (  ( s  )  -  V  i  { X  )  -♦-  j-  o 


III  1 1  . 

whiM’e  ('  -  (  1  .  1 . 1)  C  R  ;uid  11*11  cletioies  any  tioitn  clcl'iricti  on  .  II 

\  is  no  i  LUi  cxMt'mo  point,  it  follows  iliat  \  liot's  not  solve  (!:?.<)  lot 

any  finite  k.  We  note  tltit  tfi<‘  notiiletieiieiacy  assumption  of  tfilamai  and 

More  [S]  is  equivalent  to  assiiminL!.  tkit  1  (\  )  has  a  notiempty  intet  ioi 

and  tluit  -vf{x  )  C  int  f  (x  ). 


I  he  precedinsi,  tlnaifeni  siiiiti,ests  that  any  ;i  li>,oi  i  i  tiin  winch  lienei  aies  a 
sequence  of  points  conveixt. i nii,  to  an  extreme  ixiini  x  of  ;i  jHilyhedral  set 
can  be  modified  to  mua  r;in  t  ee  finite  cotiversience ,  when  -yf(x  )  C 
int  f  (x  ),  by  simply  addinii:  the  subproblcm  of  solving  the  linear  prosiitim 
{2d)  every,  s.ay ,  n  ste[)s  We  .are  gii.ar.anteed  to  retich  the  ihrt'shold  k  iii 
a  finite  number  of  iteratiotis  and  this  is  I'ol  lowed  by  a  single  lineai 
program  to  determine  x 


f  N()NI.INl',y\R  PRtXlRAMS  Willi  NONI  INI-.AR  INl.QUAl  HT  (X)NS'1  R.A  UN  I  S 

Consider  the  nonlinear  programming  problem  with  nonlintMr  i  ni'qua  1  i  t  \ 
cams  t  r  :i  i  n  I  s  and  linc'ar  eciualiiy  constraints 


m  i  n  im  i  /  e  f  (  X )  siib.jec  I  to  Ax  =  a  .  g  .  (  x  )  >  0  ,  i  =  1  .  .  .  ,  m  .  ^  N1  I’ ) 


where-  I  :  r'*  -*  R^  and  g  .  t  r"  -*  R*  arc*  continuously  d  i  f  f  eren  t  i  all  1  e  ,  ,md,  lot 
simplicity,  it  is  tissiimc'd  th;il  all  the  constraints  :itc-  binding  at  x 
I  c- 1  X  =  {xt  Ax  =  a.  g.(x)  >  0,  i  =  l . m)  Ik-  the-  fcatsible  sc- 1  of  Nil’. 


Is  we  !  1  h.i  iin^  1 1  [  { J  t  ti;n  11  \  IS  .1  !  oc.  1  1  SI )  1 1 1 1  1  iin  <  1 1  pi  i  )l)  1  t-m  Nil* 


i(i  .in  ,  1  [  Ip  I  n  p  I  ; .  1  1 1 '  I  I  in  s  I  in  1 1 1 1  i|un  1  i  I  l  in  t  i  ii  1 1  hi)  1  li  s  I  hi'i  i  f  I  ir  i  i'  i'  \  i  s  I  s  n 


i  S'  I  or  (  1 1  .  )  '  '\  silt  1 1  I  (ui  I  (  \  .  11 .  )  sn  I  i  s  I’  i  I's  l  hi‘  I  o  1  !  ow  i  nr 


s  1  I  M  si  i  -  s  I  ih  1 1  *  '  1 11  I-.  ( '  I  {  kk  '  )  f  mill  1  I  1  on  s  lor  Nil’: 


(  ;  )  V !  (  \  )  I  \  ‘ '  I  *  Vv,  (  X  )  r-  .  V  _•  ( ) . 


\\  n  .  r,  (  \  )  :  I ) . 


Ill)  ^  r.{x  ) 


*|||TC  .  ilrnoios  I  he  J.uohl.ili  ntiir  1\  ol  I  hi-  iTiip|)ini. 


(ly  i> 

I  .  ■ 


!n  o  ;  I  losnl's  I'oi  this  nioi  i-  nfiiiTn!  iioiilini-nr  proir,  r.  im .  wo  shnll  use 


ho  (  oiif  o!  '  j^ciiis  III  \  ,11  \  .  ilfiiolotl  by  l(x  ).  ilislcnil  of  itio  coiif  ol 


IS  ;  n  !  o  i!  1  I  i-i  !  i  ons  I  (  \  )  Wbi-n  i  In-  i  ons  l  i  n  i  1 1 1  s  , 1 1 f  1  i  no.  1 1  , 


!(  \  ),  li'ii  in  jn-iiornl  onU  l{\  )  C  l(\  )  holils  1  ho  I’ollowinL', 


) :  n{  xj'N  :  '  .  ( 1  f  1  :  a  « • .  1  f.i  i<  iw  1 1 


)f  M  ^  ’  ;  ( )%  SI  HTw  '  }  ki  t  Mic  Km  lift  1  M(  k<* !  (  ohs  f  r:  1  i  1 1 1  1. 1  1  i  1  i  t  a  i  i  uii 


I  k  ’  ‘  l;  )  '  ho  .  (is  1  '  V  !  ol  N|  !’  1  boll , 


■  (  X  ) 


/  Ii ,  A  /  II,  V'j.  (  \  )  /  I ' ,  1  -  1  .  'll ! 


i  <  •  ;  )<  I  .  a  ’  <  I » 


f  t-  I )  t  '  (  5  ^  j  \  \  i'U  bv 


'  (  •,  )  ;  V  V  Am  *  \\\{  \  )  \  u  * 


(  ) f  (  ( )M  r  sr  .  I  { I Min^M •  f  ( )  I  n  I  t  II •  r  i  « )f  i  s  i  f  a  i  M  I  uMa  1  1  1  M  a  t  I  a i  is  w  f  a  »  K  i  in( >  I  v  K  1  <  U 


Si  •  ‘  j  SI ’cl  .  inf  » •  \a m( )  1 1 ■  ,  5  S< ‘  !  !  r  iim  r  1 1 kIi *  [>i* f  u  j i -  Mi  i *  '  O  at,  m  i  i  S»  ■  »  .  i  sa  a  I 


I  or  I V  a\  f  ar  1  s  f  f  i  1! !  '  s  .•  f  f  »i*  S  !  a  »  »•  i  *  1)  (  sai'  f  <1)  Na  l  a  i  1  sa  '  1 1. 1  i  1  1  \  1  • 

1  ‘  ' 


1  I  ai  .  1  I  sa i M  '  1 


af  I  .  Mil!  K  !  *  So  111  s  .  I  [  IIM  I  I  111*  KK  !  I  ar  111  1  M  ai  IS  1  inp  \\  i  f  la  i 


-vl(x  )  c  I  {x  ), 


X  c  X. 


(3.1) 


f 


ti 


l’RC)l’OS  I  I  ION  -1.  Assume  i  lui  i  i  he  KTtX^  liolcis  al  x  Then,  t  lu‘  I'ollowinu; 
condi liens  are  equivalent  i 

(a )  ini  1  ( X  )  pf  I/I: 

1  ^  T 

(b)  lank  [A  ,v>j,(x  )  ]  =  r> ;  i.e.,  there  tire  n  linetirly  i  tide[)endi>n  i 

M 

bindinv,  constraints  at  x  . 


The  roniiula  lt>r  iiii  !  (\  )  is  ideniicnl  !  o  i  li;U  I'or  ini  !•  (\  )  w  i  I  li 
V'j;(\  )  SI  lbs  (  i  t  u  i  ed  fof  B  .  Ihereiofe,  (lie  discussion  it]  Section  2  of 
various  rept  oson  ( a  i  i  ons  of  int  1-  (x  )  applies  here  to  1  (x  ). 

M 

I  he  tOllowinu.  lomriii  ('luitact  Of  i /.cs  (he  key  condition  -vr(x  )  C 

M  M 

ml  I  (x  )  ilia  I  will  be  used  later. 

I’ROI’t  IS  I  I  ION  ')  Assunw'  tiuit  the  K'lCXJ  holds  at  x  and  consider  ihe 
To  1  1  ow  i  mj,  cond  i  I  i  ons  ^ 

( a )  - vf ( X  )  C  ini  I  ( X  ) ; 

(b)  VI  (x*")'  /  >  O  ior  all  /  C  r(x’^); 

M  .  T 

(i  )  X  is  the  unii|ue  solution  ol'  min{vr(x  )  s-  x  C  X}  ; 

(d)  X  IS  an  isolated  local  solution  of  min{r{x):  x  C  X). 

Iheii,  (a)  vO  (b)  ^  (()  atid  ( il )  . 

M  M 

l’ron[  (a)  O  (b)  lollows  I'rom  the  del'inition  of  int  I  (x  ). 

M  I  M  M 

(b)  O  ((  )  toutiiiiori  (b)  implies  vl'(x  )  ( x  -  x  )  >  0  for  all  X  C  x  + 

M  M  M 

[(\  ).  wfiich  in  (urn  imp  I  it's  (c)  sinc*o  X  C  x  +  ‘{x  )• 

M 

(a)  V  (d)  (ondifion  (a)  impli<*s  (hat  the  KK]  conditions  hold  al  x  and 


(luit  {/■  vf'(\  )/_()./  t  I  ( \  )}  z:  ,  sii  tlial,  l)y  Coio  1  la  fy  I  10  in 


[1/J.  \  is  an  isolaUHl  li>cal  sriliiiion  of  min{r(x):  s:  C  X}- 

rtu'  main  ra-sii  1  t  of  this  snt  lion  panallels  Ihc-ofom  1  aiul  lyives 
londiiions  nmii-i  whinh  an  inliniu-ly  ft>nver'j,cn  i  aly.oriib.m  lor  Nl.l’  tan  bo 
moti  1  I' 1  cti  lo  fonvorai,*'  iti  a  I’lnilt'  numlKM'  ol'  stops. 

llllORIM  2  .Xssumo  iltii  C  anti  li,  arc  tron  t  i  nm)iis  ly  d  i  f  loron  i  iab  1  e  tint!  that 
(ho  K'KI^  liolcls  at  \  ti  X.  S(it)poso  (lull  {x  ]  C  X .  \  ->  \  .  anti 

[  M  I  ^  H  ^ 

rank  [  ,\  .v>j,{x  )  ]  =  n.  IF  -vr(x  )  C  int  T  (x  )  ,  then  there  is  a 
positive  iruc‘'j,cM’  K  such  that,  for*  al  I  k  >  K,  x  uniquely  solves  (he 
iu)til  itittar  program 


mittimi/e  vf(x'')h  subject  to  x  C  X. 


Conversely,  i  1'  x  solves  (d.2)  for  ;t  1  I  k  hir^er  t  h;\n  somt*  number  K,  then 


X  is  it  Kti  rusli-huhn- lucker  poitit  ol'  problem  INl.P. 


k, 


Pi'oo  r  :  by  the  continuous  tii  I'ft  icnt  iabi  1  i  i  y  ol'  I',  we  htive  -vr(x  )  C 

X  *i  X  X 

int  1  (x  )  I'tjr  su  r  r  i  c  1  (.'ti  t  1  y  lar>i.e  k,  sinte  x  -*  x  atid  -vl'(x  )  C  int 
I  (x  ).  I'hus,  vt'{x^)'/  >  O  For  till  /  C  l(x  );  it'.,  vF(x^)h^“X  )  >  0 

F(jr  till  X  F  X  +  1  (x  ).  Sinct!  X  C  x  +  !(x  ),  iheti  vF{x'')'x  >  vF(x*^)'x 

X 

For  all  X  C  X,  \  ^  \  .  1  he  converse  loliows  itnmed  kite  ly  From  continuous 

d  i  F  Feren  t  i  ;ib  i  1  i  I  y  oF  F. 


Kerrci  rk .  Arui  1  tjit;ous  to  theorem  1,  in  tlie  atiove  tlieorem,  we  ctttinot  lehrx 
I  tie  assumption  tliat  ttit'ie  ;ire  n  linetuly  independent  bintiinu,  constraints 

X  X 

at  X  ,  even  iF  we  ret]nire  -vF(x  )  to  tie  only  in  t  tu^  rt'hnive  interior  oF 

X  ,  X 

I  (X  ). 


rtu'Diem  2  SI  t  s  l  ha  l  any  a  i  l  lim  I'ar  NIP  which  L!,eii(Ma  t  cs  a 
sequence  of  paints  cron  ve  tit,  i  ue,  to  a  point  s,  cait  be;  mcjd  i  t' i  eci  to  ccua  i  ;ui  i  ee 
finite  cotivcMcience ,  witen  -vr{x  )  C  int  I  (\  ),  by  tiddiiiLt,  the'  tionlitieai 
pt'c)e;iam  {2.2)  wilii  liticxif  oi),jc‘ctive  function  evet'y,  s;iy,  ti  steps.  I  his 
is  tcua  t'tin  t  c^ed  to  yield  ;i  locttl  solution  x*  in  a  finite'  numbe'f  of 
i  t  et'ti  t  i  ons  . 


-1  l-Xri'.N-SlONS  K)  VARIAf  lONAl,  INI-.QL'AI.H  H-,S 

In  this  section  we  e-oitsidef  the  van  ia  t  i  on;\  1  i  ne't|ua  1  i  t  y  pfoblc'm  of 


find  inti;  ;t  point  \  C  ,S  suerh  that 


G{x'‘)'^(x  -  x"*)  >  0  for  all  x  C  S, 


D  D  ^ 

where  (b  R  -»  R  is  cottt  ittuous .  S  is  ;i  convex  fettsible  set  anel  x  is 
called  a  solut  ion  of  VI.  Note  tlu.it  x  solves  the  following;  convex 
pro'j;  ram 


minimi/.e'  (;(x  )  x  subji'ci  to  x  C  S. 


1- It  f  t  he;  rmore  ,  x  is  c;il  led  tin  i  so  la  t  eel  so  1  u  t  i  on  (or  a  1  octi  I  I  y  1 1  n  i  (|i  le 
so  1  It  1  i  on )  of  problem  VI  if  it  is  the  otily  solution  of  VI  i  ti  sonH' 
lie  itchborhood  of  x 

Problem  VI  is.  in  a  sense'.  ;i  y.ene'ra  1  i  ai  t  i  on  of  the'  nonlinettt  pioei  am 
Nl  I’  (and  also  of  1’).  lor  extimple.  if  x  is  ;i  local  solution  of  N|  P  tind 
if  feasible  set  X  in  NIP  is  convex,  itu'n  x  solve's  VI  with  (f{x)  -  vl(x) 
and  .S  =  X.  Ineleed.  if  the  ob.je'e  tivo  function  f  atid  set  X  iti  Nl  P  are 


1 


('Dtivtw  .  'lifii  \I  Nil’  .IS  llu-  s()fc  1.1  1  c.isf  wliflf  <l{x)  -  vr(x)  Oli 

ihc  oilier  luinil  |)iohlein  VI  li  i  I'cc  I  1  \  '.'.eiii- r;i  1  i /e  s  llie  iionlinein  (iiiid 

llierelore  ,ilso  I'.tu'.ii)  eoiiii)  1  emeu  lai' I  i  v  pi'ohlem,  which  is  ohtairied  hy 
se  I  '  1  ir  ‘  S  !  \  \  i  ! )  .  A  haor  1  I  lims  lor-  1 1  i .  1 1  i  ona  1  i  i  leip  la  1  i  l  i  es  in  most 

cases  c  c  II  a  e  1  r.i’  la  'he  limit  to  a  so  1  1 1 1  i  oi  i  o  I'  \  I  if  such  .1  solution  is 
atiltji’e  (see  ';'iii-j  atnl  'luin  [  A  1  ]  .Uni  DalCtmos  [''])  Ihils.  iitiile 
<  o!  1.  e  '  _  ( ■  ac  1  ■  o  i  these  ,  1  !  .i,ot  1  t  litlls  Is  .  1  1  so  o  I  1  1 1 1  e  r  es  I  1 1 1  the  VI  ca  se  . 

;  he  I  . Its  !  t  I  itn  Sections  ’  .1  lit  I  <  (I  1  ret  t  I  v  extend  in  mtis  I  cast's  to 

;  H  1  ih  1  e'li  V  !  w  1  I  h  .111  1 1>|)  I  o|)l  1 . 1  I  e  I  e.  i  s  1  I)  1  e  set  t  oi  is  itlef  [)  fol)  1  ('111  VI  with  a 

:  >o  1  ,  hei !  I  a  !  !  e  a  s  i  h  1  e  set  S  t  {as  de  I  1  lied  ill  Section  h’  )  .  I  hell  (I’  becomes 

1  liiieai  [1 1  o'j.i  .  uti  with  opiliivil  solnlloli  \  llius.  iheif  exists  a  vector 


(  i  a.  1  ' 

Si  I 

•** 

li.i  1  (  X  .  It  .  V  )  s.  1  1  1  si  les  the  To 

1  1  ow  i  na  ii.taie  i  a  1  i  /ed 

X.  1  I  ash 

kal  1 1 1 

■  '  l<  ih«  ■  1 

( '  .Kk  1  )  coiid  1  1  i  Otis  lot  VI 

(  1  ) 

'•{X  )  . 

a  t  ll'  V  .  V  _■  (1. 

(11) 

■\\  tl 

I’.x*  :  b. 

( 

111) 

!  ^ 

V  (llx 

b)  a 

1 

he  coll 

«■ 

es  1  (s 

)  .  ilid  1  (  X  )  .Ilf  tie  1  1  lied  ex. it 

I  1  V  a'.  1 11  Set  1  i  OI  1  ?  . 

a  nd 

"  '  111  Ills 

1  '  loll 

1  i!k1  ( 

omitieiiis  lollowiin.',  it  .ipply  wi 

1  hoi  1  1  any  eh;  inc.e  s  , 

1  he 

1  .KK'!  1 

OI  id  1  1  1 

(Mis  'ur. 

lie  expifssed  111  the  loim 

<;(x  )  '  1  ( X  ) .  X  <  1  ■ 

(  1 

1  ) 

\  s  '  :  e 

t  iv,  1  1  lel  1 

•  1  (  c  M  l< ! 

in  w 

1  t  1  oil  1 .(  \  )  <  ml  1  ( X  )  IS 

(  ha  1  at  1  e  1  1  /etl  in  1  hi 

•  ll«‘\ 

lilt  I  (x  )  IS  (  ha  I  at  I  e  I  1 /ed  in  the  next 


PR(  )[H  )S  !  !  ’  ON  I  >  0(  ms  i  tii‘r  (ht*  (“ond  i  i  i  <ui  s 


(.1)  »  int  ) 


(b)  i:(\  )'/  ‘  0  t'oi  ,ill  /  t-  I- (  \  )  :iik)  \  i  aj]  l■\IIl■lll<•  jmmiiI  dI  '  . 

j 

( I  )  \  is  tin*  '  1  [  I  U|»  u*  so  1 1 1  (  M  >n  o  1'  ni  1  n  '  0(  \  )  \  •  \  i  o  |  , 

.1 

(  d  )  \  Is  :  l  r  i  i  s  ( >  { ;  I  I  <  ‘d  s  n  1  ?  1  !  1 1  >  1 1  ( » 1  O  (  \  )  (  /  \  )  <  '  !  n  I  .ill  <  < 

!!„•',  .  {  I  )  w  (  !>)  CC'  (.  )  O  (.i  ) 

IN  (  K  )  !  M  1 t  list  O I  (  I  ‘i*  ( '( ;  u  1  v . »  1 1  •  I  u‘  l  <  *  s  .  1 1  t  ■  ()l  n  V  *  *i  j  « •  \.  u  l  1  »  is  1  h 

IN  op«  )s  :  t  )i  I  ^  !  N« “  !. » s  »  1  tn[> !  m m  t  i  t)ii  follows  1  1  1  xn  1  1  it -o  1  <  -  mi  ’  '  n *  '  oN  1  f 

*  **  I 

'  '  '  s  I  it  t  ’  '  N«  ‘  *  -KK  1  t  1 1[  It  O  I  1 1 II I  s  No  !  d  .  I '  \  .  1 1  id  s  1  h t  <  ■  /'  '  •  (  ’ 

i  (x"} 


'No  (  oi  It  1  1  '  1  01 1  s  1 1 !  It  !t  •  r  wf  1  I  (  !  I  111  1  r  1 1  1 1 1  1  *  t  •  1  V  t  o  1 1  v  t  ■  i  .  ,t  •  n  1  . 1  i  1  >  i  1  '  Nin  t  .  1 1 

Iht  K  1  :  ’  1  t  (  !  *0  {  of  I  ,  t  '  t  •  :  I  .  I  !  1  M  l  f  t  •  !  lUIlil  M‘  !  O  I  S  I  t  •  I)S  I  '  t  •  s  I  i  I  I  •!  j  ill  '  N« 

'NtMMl'fll  di'low  .vfiOSi-  :)f«>o|  1^,  .  II  I.  I  1  t  )*J.t  »M  s  fo  (No  pflHlI  ol  lN(’«l't-||l  1  Ml 

Sot  ’  :  o F  '  lift*.  ;  s  oiiu  '  '  t  i ! 


' '  (  I ‘  \ ui*  -  '  '  1. 1  '  '  .  1  '•  t  t  H  I  f  I  r  i' : Ol  I tin!  '*1 .  j  >|  n  i s  t  ■  i  1 1. 1  '  I  v 

*  .  i'kI  •.  Is  III  t •  r  t •(('♦  •  of  «  .’!  0(\  )  '  MM  ! 


Ml)'.','  1.1 


:  '  1 1  ■  :  :  : » I  « ’  I  Ml 


-S  N 


lot  1 1  :  1 ,  K  s  '  1 1 1 1 1 


Ml :  f  I  ;  Ml  ;  •  '  •  (  V  )  •-  s  I  [N  '  t  •(  I 


’  )  I  M  I  f  1  !  I  I  f  ,'  »  •  I  t  ‘  ,  1  I  ..  I  >M(I  •  I  ■!  !  ml  M  ■  '  K 


<  f  K.  {  :  ‘ :  st  •  K  '  I  N  f  I  '  I  I ,  N  ,  • '  1  Ml  1  r  1  I  « I  (  t  >t  '  il  >  .  I  m 


,*i('  in'\i  r<'sull  eh;  1 1  ;k' UM' 1 /t‘s  I  kt-y  Mssiinipl  ion  in  1  ho  snl)‘io<|iion  I 
'iciin  ihooi'oni,  n.imols  !  ho  I'oritlilion  -(!( M  )  k  int  I  (x  ).  Its  ptool  is 
sum  1, II  'n  I  ho  piDols  of  I’ropos  i  I  i  ons  :>  ami  f>. 


I’Rt  >!'(  IS  I  1  !  i  )N  /.  Assnnio  i  Iti  i  I  ho  K'l  ( liolds  at  x  and  oonsidi'i'  ilio 

!  1 1  1  1  ow  1 1 1' o(  ind  i  I  ions 

(a  )  -t,(  \*)  (-  ini  l*(\  )  ; 

(  h  )  ( :  (  \  )  '  /  ■  (1  I'oi  all  /  <-  I  ( \  )  ; 

^  ^  I  , 

(o)  X  is  I  ho  ntiipno  solution  ol  niin{(i{x  )  x:  x  c  \]  : 

*  T  .  , 

(d)  X  IS  an  isolalod  solution  ol  C.(\)  (/.  -  \)  ^  0  lof  all  /  C  \. 

Ihoti,  (a)  O  (h)  O  {(■)  atitl  (d). 


I  ho  conditions  nruloi  whuh  an  infinitoly  oonvoi'^on  i  a  hj,of  i  t  hm  can  bo 
tnodilioti  to  oonvot'j,o  iti  a  I'itiito  nnmIxM  of'  sto[)s  tiic  liivoii  ho  1  ow  .  I  ho 

pt'ool  ol  this  result  is  analou,ous  to  the  jifool's  of  I  h('ofoiiis  2  and  h 

«  I 

Ohst  t'vo  also  tluit  sinoo  <i{x  )  x  is  liiu-ar  anti  X  is  ootivox,  in  v  i  »'W  ol 
I’fopos  i  t  i  on  I,  part  {<.)  ,  \  must  bo  an  extreme  point  ol'  X.  Kf'oa  1  1  tliat 
this  was  t  ho  oas<'  lot  ptoblom  VI  with  [xtlyhodial  ICasiblo  s<‘ t  ('  {  soo 
I  hoo  t  I'm  1 ) 


IIIIORIV  !  \ssuiiio  'lull  <1  IS  continuous,  is  concave  and  that  the  k|((} 

•  k  k  1*1 

holds  a'  s  Suppose  that  |x'J  C  X.  X  —  X  ,  ;ind  ttink  (A  ,Vii,(x  )  J  -  H- 

I  I  I  .(  •.  )  <  in'  I  (  x  )  .  I  hoii  I  ho  to  is  a  pos  i  i  i  vo  i  n  I  0'j,(  i  K  such  that.  I’o  i 

n 

ai  !  k  K.  \  utii(|Uolv  solvi-s  I  In'  <  onvi-x  pfoniam 


rn  1  ti  1  m  1 /!■  <.(x  )  x  subp'cl  to  x  <  X 


(  i.  I) 


V  V.-.  .S  -.  .s.  ' X.  .V*sV.T 


'  or  i\  c 

:  ! 

.  1 

f  \  so  1  \  «.‘S  { 

!  1)  \iU  ol 

1  k 

1 . 1 1  .',e  r 

'  [ ),  II 1  s(  Htu  •  I  ii  lini  )<  •  I 

^  , 

r  1  It 

\  I  '' 

O 

,ctic  I'; 

1  !  I  /ctl  K.  1  t  ush 

Kul !  1 1  1  uclo 

•c  pc 

Hill  III 

[ )  I  ( )h  i  oil  !  \ 

^(•!1W1['.  Hi  !  Ik'OHMH  .  W(*  CHIlHot  IC*l.l\  ffu’  .tS‘-)lim|)l  loll  'IlI!  'fioic  OlO  Ii 

^  <*• 

1  1  1  lO. )  I'  1  \  I  1  iiirpt'i  i<^‘i  1 1  h  i  lul  1  r  ii’.  cons  i  r':  i  i  1 1 !  s  :  i  !  \  o\  oi  i  if  we  i  o  ■(  j  1 1  i  i(  •  '  ■(  ^  ) 

n  ^ 

’()  ho  111  ‘hi*  ffLitl'.e*  nit<*t  loi  ol  1  (\  ). 

Ihoofotn  1  shows  (lull  .  1 1 -j.o  r  I  1 1  uu  t(U‘  \l  wiih  o  sof  \  wliii'h 

■L'.i' f  ic’ f ;  i  :  o  s  ;i  siMjiicfu  t*  ol  poiofs  (  ni  j  vo  r'ii.  i  f  iv,  to  \  can  iu’  niotl  i  I  icd  to 

,',i  i;  u  ,  HI  I  (•(■  luiiic  I  iini.  <■  I  ■j.cMu  <‘ .  wticn  ''(x  )  iiil  I  (x  ).  I>V  solviin’,  :iti 
.uid  i  '  1  DM.i  1  ((iiivcx  I )  I' <)!.',  r:\ni  (-1  1)  wiili  liin-;ir  oh  jt-c  i  i  vc  I'liiic' i  i  oic  fVfiy. 

SI  I  \  ,  n  si  cps  . 

I  (  iiMr  ! ju!  Kcmat  l^ 

We  luivc  derived  iieeessiirv  ei)ii<l  i  i  l  otis  and  si  1 1  I  i  c  i  eti  l  eonditions  iincler' 
■Aduli  itiv  enii^  ei  xir'iii  .iliiDilihm  tin  eeilain  nonlinear'  p  rouranmi  i  nu,  prohleins 
and  vaiiaiional  i  i  lepi  la  1  i  r  y  pr'obli'ins  (.an  !)(.•  modifii'd  to  ensui'e  I'iniie 
ennv  e  |■‘.■.ene  e  .  1  li  i  o' I'.'.lioi  1 1  w<-  assumed  ilie  ohjeelive  runclion  to  he 

eonr  1  riMoMs  1  V  d  i  t  I  e  fen  I  ial)  I  e  and  eonsutefed  ii,('ne  I'a  1  i /a  l  l  ons  ol  the 
( Otis  I  I  :i  !  ii  I  s  ro  exlerid  oiif  tesiills.  Usiiie,  oi'f  appf  oaeli  .  it  appeals  t  ha  I 
the  mosi  lieiieral  eons  I  la  i  n  I  s  we  laii  assume  are  linear'  eijiialily  and 
I  II  II I  1  1  lie.  I  I  1  iieqi  la  1  1  (  y  sa  I  i  s  i  y  i  lie,  a  eons  l  i  a  i  n  l  (|i  la  1  i  I'  i  ea  I  i  on  .  Mofeo  ve  f  .  we 
lanrioi  relax  the  riondee.ene  i  aey  a  ssiimpl  i  oris  on  I  lit'  solnlion  poinis 
( name  1  V  .  i  lie  polar  cones  .iic  lull  dimensional  ;uid  contain  the  iieii,;itive 
j.fad  1  ell  I  s  111  (  he  i  f  iniefioi)  and  siill  eiisiiie  rinileness.  In  this  sense, 
oar  tesiills  cannot  he  t'niihei'  weaki'iied  without  additional  assumptions. 
Some  exist  trie,  a  le,oi  i  i  tims  may  immed  i  a  t  <■  1  y  henel'il  from  results 


col  1 1  a  I  lied  111  I  h  1  s  [x  1  [w  I 


lor  example,  when  the  1  Kliayyal  and  Talk  [2] 


1  ;  'j,(i  I  1  M  nil  ;  ^  :  1 1)| )  1  1  nl  I  i )  pi  iiD  1  cnis  Ii.iv  1 1  in,  l  iil  >:  i  l  m  1 1  1 1 1  1 1  ii  is  '  1 1. 1  I  ,iic 
1 11  It  If  r.  1  I  t‘  f\ll<‘iTU‘  poiiils.  lluMi  I  tic  pliucdiili'  is  I'llillf  wiilmiil 

mi  It!  1  I  1  I  ■;  I  1  1  111  I  .  Mils  !  s  her; II I  SI'  I  (it-  :  i  i  ”111  i  I  Inn  1  iiciir'  pi  1 1  : 1  1  r  s  .  i  s  1  1  ■])  w  1 1  1  1  1 1 
snivi's  .1  SI  ihpt  I  it)  1  I'll!  ,111a  1  iinnns  1 11  [)ii)l)  1  i-iii  (  .  ’)  bi'liiri'  biaiich  i  nn, .  lut  llu'i 
r  I- !  iiK'iiH'i  1 1  s  Ilf  I  III'  pi  oii'tlii  i<‘  aiitl  ,1  spi'i- 1  a  1  1 /i-ii  prnol'  iii  linitc 
iiiiivi-rn.fnci'  lur  tii)iitli"-i,i'iii'i';U  f  lim-ai'  tump  1  t'lnc'ii  l  a  i' i  t  y  priiblcms  have  bi-i-ii 
1  1 1 1. 1 '  s  !  ; ',a  I  I  'I  i  b  \  \  1  k  1  la  v  \  1 1  1  [  1  ] 


■\i  k:  II  iw  !  (‘lin.i  'iiici  I  I  s 

i'll'  art'  iruli'biril  in  (aiib  Mil  n  ini  irk ,  Hnaiin,  lny,  and  Ham  I  Slirnali  I'di 
kr![)fii!  rniiiiiirn  I  s  anil  si  I'.yj,*' s  I  i  1  ills  , 


RKM  R!  N(  1  N 


[Ij  A  1  kliavya!,  1  .  A  ,  "N'oii-  on  Solwii-  !  inrai  '  c  imp  1  .•nic  1 1 1  a  i  i  i  V  I’lolilipm, 

as  .IninlU  I,  nils  I  rained  lUlineai  I’l  oa,!  aiiis  .  "  Woikiii',',  I’lper,  S.lmol  oi 

Industrial  ami  Systems  !•  ne.  i  nei'r  i  tie, .  <  .<•(  i  re.  i  a  liisiiinie  oi  !  eel  mi  i  1  ne.v 
A  t  !  an  t  a  ,  i  m  .  '>t '  (  !'  )S  /  )  . 

‘  ^  ‘  RI  lav  I,  a  1  .  I  \  a  t  kI  . !  1'  .  |-  a  1  k  .  In  1 1 1  i  1  \  '  1 1 1  is  I  i  a  i  ned  11 1  eo  i  o  e\ 
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